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Abstract—In this paper, we define and study the k-approximating circuits. A
circuit accepting a given set of inputs A is k-approximated by accepting inputs that
differ from one of A by at most k bits. We show that the existence of polynomialsize k-approximating circuits depends on the relation between k and the number of
inputs.
Index Terms—Reliability and testing, complexity measures and classes, models
of computation.
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INTRODUCTION

GIVEN two points in an n-dimensional Boolean space, their
Hamming distance is the number of coordinates on which they
differ. The Hamming distance is often regarded as the “natural”
distance measure in such spaces. Viewing a point as a vector of
bits, the distance between two points is the number of bits on
which they differ: the smaller the distance, the more similar the
two vectors.
We use the Hamming distance as a measure of approximation
for Boolean functions. It is well known that there are some Boolean
functions with n inputs whose optimal-size representing circuits
are not polynomial with respect to n. In such cases, approximation
can obviously be useful. Pippenger [16] introduced an approximation method for Boolean circuits in which points that are evaluated
as false by a Boolean function are allowed to be evaluated to true by
the approximating function, as long as their Hamming distance
from a “true” point is less than or equal to a given bound value. In
particular, points in such a condition can be evaluated in any way
by the approximating function: The value of these points can be
chosen so that the size of the representing circuit is minimized.
The approximation concept proposed in this paper is formally
similar, but has different applications and different computational
properties. Given an integer k, we define the k-approximation of a
function f as the function f k that is true on exactly all points whose
Hamming distance from points that are evaluated to true by f is at
most k. Formally, we denote by xy the set of coordinates on
which x and y differ and, with j  j, the cardinality of a set;
therefore, jxyj is the Hamming distance between x and y. The
k-approximation of a function f is therefore the function f k defined
as follows:
8
< true if there exists y such that jxyj  k
k
f ðxÞ ¼
and fðyÞ ¼ true;
ð1Þ
:
false otherwise:
Fig. 1 is a graphical representation of this concept: f is
represented by the set of points it evaluates to true; f k is true on
the same points, plus all other points that are at most k far from
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them. The points in the “border” (whose width is k) are evaluated
to false by f and to true by f k . Note that, on the contrary,
Pippenger’s circuit approximation is free in the evaluation of these
points, that is, it can evaluate them to either true or false.
We remark that, while Pippenger’s circuit approximation and
k-approximation have similar definitions, their aims are completely
different. Circuit approximation changes the truth evaluation of
some points with the aim of representing the function with a
Boolean circuit of polynomial size. k-approximation evaluates to
true all points which are not too different from points that the
original function evaluates to true. The aim of circuit approximation is to obtain a computational advantage (size of representing
circuit) at the expense of allowing some “mistakes” in the truth
evaluation of points. k-approximation is done for obtaining a
different function that evaluates to true some additional points.
A k-approximation circuit can be seen as a solution for the
problem of checking the distance between a point and a language
(a set of points). This problem has been considered in different
fields such as error-correcting codes (check the distance between a
string and the closest one encoding an input string [7], [1], [2],
which is in turn an issue relevant to crypthography [18]), recovery
from syntax errors (check the distance between a string and the
closest one recognized by a grammar or an automata [12], [15]),
computational biology [8], [13] (approximate match of a string with
a structural pattern), and temporal databases (approximate match
of the sequence representing the evolution of a database over time
with an automata [17]). The edit distance [11] is often used instead
of the Hamming distance. However, Manthey and Reischuk [12]
have shown that these distance measures are equivalent from a
theoretical-complexity point of view.
In all these cases, a k-approximation circuit allows for solving
the problem of checking whether the distance from a point to the
language is less than or equal to k. If the language can be
recognized in time polynomial in some parameter (such as the
number of dimensions of the space), it can be represented by a
circuit of size polynomial in that parameter. The assumption that
the language is represented by a circuit therefore formalizes the
polynomiality in time of exact string membership to the language.
A polynomial-size k-approximation circuit allows for finding out
the distance of a string to the language in polynomial time.
The constraints imposed by k-approximation result in a
computational cost: As is proven in Section 3, there are Boolean
functions that can be represented by polynomial-size circuits while
their k-approximation (for some k) cannot unless the Polynomial
Hierarchy collapses. It is also possible to prove the converse, that
is, there are Boolean functions that cannot be represented by
polynomial circuits while some of their k-approximations can. This
is actually easy to prove: Consider a family of Boolean functions
hfn i, where fn has n arguments that cannot be represented by a
family of polynomial circuits (the proof of existence of such
families is due to Shannon’s counting argument), and their
k-approximation, where k ¼ n: The approximation of fn is the
function that evaluates to true on all points of the space and can be
easily represented with a very small circuit.

2
2.1

PRELIMINARIES
Boolean Circuits

A Boolean circuit is a directed acyclic graph containing a single
node with out-degree equal to 0, which is called the output. The
nodes of in-degree 0 are called inputs (and are labeled either with a
number or with a constant true or false), while the other nodes are
called gates and are labeled with an (unbounded fan-in) Boolean
connective [3], e.g., ^, _. Given a set of Boolean values, one for each
input, a circuit determines the truth value induced at its output.
The output that is produced on the tuple of Boolean values I by the
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input s, the tape is automatically loaded with AðjjsjjÞ and, from then
on, the computation proceeds as normal, based on the two inputs s and
AðjjsjjÞ.
Definition 2. An advice-taking Turing machine uses polynomial
advice if its advice oracle A satisfies jjAðnÞjj  pðnÞ for some fixed
polynomial p and all nonnegative integers n.
Definition 3. If C is a class of languages defined in terms of resourcebounded Turing machines, then C/poly is the class of languages
defined by Turing machines with the same resource bounds, but
augmented by polynomial advice.
Fig. 1. A function and its approximation: Points in the k-wide border are evaluated
to false by f, to true by f k , and can be evaluated to any value by Pippenger’s
approximation.

circuit C is denoted by CðIÞ. The size of a Boolean circuit C is the
number of its gates and is denoted by jjCjj and it also determines
the space it occupies. In general, the notation jj  jj denotes the size
of an object; j  j represents its cardinality.
A Boolean function of n arguments is a function from n-tuples
of Boolean values to ftrue; falseg. Boolean circuits and Boolean
functions are clearly related. Indeed, both functions and circuits
determine a truth value for any n-tuple of Boolean values. As a
result, a circuit with n inputs represents a Boolean function of
n arguments and vice versa.
Formally, an n-input circuit computes a Boolean function f if,
for all assignments x 2 f0; 1gn to the n inputs, the value induced at
the output gate is fðxÞ. On the other hand, a function f represents a
circuit C if and only if fðxÞ is equal to the output of C when the
values x are set as the input gates. Since Boolean circuits are
suitable for “implementing” Boolean functions, in the following,
we refer to circuits, rather than functions.
We can indeed extend the notion of k-approximation to circuits:
If C is a circuit representing f, then C k is a k-approximation of C if
it represents f k . Note that, given a function f and an integer k,
there is a unique function f k that is the k-approximation of f. On
the other hand, both f and f k can be represented by many circuits.
A function can be represented in polynomial space if and only if
there exists a polynomial p such that a circuit C represents f and
jjCjj  pðnÞ, where n is the number of input gates of C.
A polynomial circuit representing f might or might not exist.
The same holds for f k ; hence, there are four possible combinations.
In particular, if k ¼ 0, then f ¼ f k : It is therefore possible that both
functions are represented by polynomial circuits and it is also
possible that both are not. In Section 1, we have already shown a
function f and a value of k such that f cannot be polynomially
represented while f k can. In the following, we prove that there are
functions f that can be represented by polynomial circuits while f k
cannot.
This is perhaps the most interesting of the four cases: We may
indeed assume that the function f is already represented by a
circuit, so what we have is actually C. Approximating means
finding a new circuit that approximates C. The main result of this
paper is that, in some cases, there is no k-approximating circuit that
is only polynomially larger than C.

2.2

Nonuniform Complexity Classes

We assume the reader is familiar with (uniform)
classes of the
P
Polynomial Hierarchy, like P, NP, coNP, p2 , etc. [10]. We only
briefly introduce nonuniform classes [10, p. 116], which we use in
some proofs. In the context of strings, the notation jjsjj denotes the
length of the string s.
Definition 1. An advice-taking Turing machine is a single-tape
Turing machine enhanced by an “advice oracle” A, which is a
function from integers to strings (not necessarily recursive). On

As an example, P/poly is the class of languages recognizable by a
Turing machine working in polynomial time using polynomial
advice, NP/poly uses a Turing machine working in nondeterministic polynomial time, etc. A class C/poly is also known as
nonuniform C, where nonuniformity is due to the presence of the
advice. The nonuniform and uniform complexity classes are
related: The collapse of the nonuniform hierarchy implies the
collapse of the uniform one at some level [10]. The noncollapse of
the polynomial hierarchy is considered very likely by most
researchers, but has not been proven so far.

3

APPROXIMATION BASED ON THE HAMMING
DISTANCE

We investigate whether k-approximation is actually feasible in
polynomial space or not. Intuitively, we want to find out whether
every circuit C has a k-approximating circuit C k whose size is
bounded by a polynomial in the size of C.
Question 1 (Polynomiality of Approximation). Is there a polynomial
p such that, for any circuit C and any k  0, the circuit C has a
k-approximation C k of size kC k k  pðkCkÞ?
The answer to this very general question is no (Theorem 2).
Nevertheless, it is interesting to study this problem when k
depends on C and, in particular, when k depends on the number of
inputs n of C. Several dependencies are possible:
1. k 2 Oð1Þ, i.e., k is a constant.
2. k 2 Oðlog nÞ, i.e., it is a logarithmic function of n.
3. k 2 Oðn Þ with  < 1, i.e., it is a sublinear function in n.
4. k is linear in n.
We discuss each case separately.

3.1

Fixed k-Approximation

We can positively answer Question 1 for the case in which k is a
constant. Hence, we can say, for example, that 2-approximation is
feasible, that 3-approximation is feasible, etc.
Theorem 1 (Polynomiality of Fixed k-approximation). For each
positive integer k, there exists a polynomial p such that, for every
circuit C, it holds kC k k  pðkCkÞ, where C k is the smallest
k-approximation of C.
Proof. The proof is based on the fact that, for each k, we can choose
a different polynomial, denoted pk . Let C be a circuit of size m
with n inputs; by definition, n  m. Since k is to be regarded as
a constant, pk ðmÞ ¼ mkþ1 is a polynomial. We prove that
pk ðmÞ ¼ mkþ1 indeed bounds the size of k-approximations of
any circuit C. The following circuit k-approximates C.
_
C½X 0 =:X0 :
Ck ¼
X0 X;jX0 jk

We use the notation C½X0 =:X 0  to refer to the circuit in which a
negation gate is introduced on every input in X0 . We have to
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show that this circuit has size bounded by pk ðnÞ, and that it is a
k-approximation of C.
The circuit C k is composed of a number of copies of C, one for
each subset of X composed of k elements. Since C has n inputs,
jXj ¼ n. The number of subsets of k elements of a set of n
elements is less than nk . Therefore, C k is made of at most
nk copies of C. Its size is therefore bounded by m  nk . Since
n  m, the size of C k is also bounded by mkþ1 . We now prove that
C k is a k-approximation of C. For the first direction, let I be an
arbitrary tuple whose Hamming distance is t away from a tuple J
that makes C output true. Let J be the tuple that makes C output
true and such that jIJj ¼ t  k. Let X0 ¼ IJ. By definition,
CðJÞ ¼ true, which implies C½X0 =:X 0 ðIÞ ¼ C½J ¼ true. Since
the latter is part of the disjunction that forms C k , we have
C k ðIÞ ¼ true.
Conversely, let us assume that C k ðIÞ ¼ true and let us
prove that there exists a tuple J such that CðJÞ ¼ true and
jIJj  k. By definition of C k , we have C k ðIÞ ¼ true if and
only if there exists a set X 0  X with jX0 j  k and such that
C½X 0 =:X0 ðIÞ ¼ true. If J is the tuple that differs from I for the
elements in X 0 , we have CðJÞ ¼ true and jIJj ¼ jX 0 j  k. t
u
This theorem shows, for example, that 2-approximation can be
done without an exponential increase in size. However, the proof
also shows an annoying exponential dependency on k, as the
k-approximating circuit C k is nk larger than the original one, n
being the number of inputs of C. No harm is done if k is fixed, for
example, if k ¼ 2, when the approximation increase the size of only
n2 times. However, this means that we are always doing the
approximation regardless of the number of inputs of C. While
2-approximating a circuit of 10 variables may be reasonable, it may
not be when the inputs are 1; 000. In such cases, the bound on the
approximation k should increase with the number of inputs.
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pﬃﬃﬃ
proof that, for k ¼ m 2 Oð 3 nÞ, if, for every n, Cn admits
a k-approximating circuit CnkðnÞ that is polynomial in
kCn k (hence, polynomial in n), then NP is contained in
P/poly.
Step 1: We choose the NP-complete problem 3sat. Let F be
an instance of 3sat, i.e., a 3CNF formula, with kF k ¼ m. The
number of propositional letters contained in F is bounded by
m. It will be useful to have an easy way to determine the
number of variables of a formula. To this aim, we assume that
any formula F of size m is built over the alphabet
XF ¼ fx1 ; . . . ; xm g, even if F only contains some of these
variables. This way, we have kF k ¼ jXF j for any formula F .
From now on, we omit the subscript F in X for simplicity.
Step 2: Given n, we show how to build the circuit Cn in such
a way that Cn depends only on n and its size will be polynomial
in n. Moreover, we want to enforce that a 3CNF formula F
(with kF k ¼ m) is satisfiable if and only if there is a set of input
values IF that makes true the output gate of Cn , where
n 2 Oðm3 Þ.
Let Y ¼ fy1 ; . . . ; ym g be a set of new letters in one-to-one
correspondence with letters of X and let G be a set of new
letters one-to-one with the set of the three-literal clauses over X,
i.e., G ¼ fgi j i is a three-literals clause of Xg. Finally, let L be
the set X [ Y [ G and n ¼ jLj. Notice that n 2 Oðm3 Þ. We define
Cn as the conjunction of two formulae:
3.

Cn ¼ m ^ m :

m states nonequivalence between atoms in X and their
corresponding atoms in Y , while m codes every possible
3CNF formula over X, using the atoms in G as “enabling
gates.”
m ¼

3.2

Logarithmic k-Approximation

We consider a value of k that depends on n, but only moderately
increases with it. In this case, the bound for the approximation is
not a constant value, but the result of a function. In particular, we
consider a logarithmic function. The construction of the last section
leads to a k-approximation that is nk times the size of the circuit.
While this is still subexponential (i.e., it is nlog n if k ¼ log n), it is not
a polynomial any more.

3.3

Sublinear k-Approximation

For this case, we have a negative answer to Question 1. The
following theorem shows a uniform family of circuits
fC0 ; C1 ; C2 ; . . .g such that Cn is an n-input circuit of size polynomial
in n, and the size of their k-approximations increases more than
every polynomial function in n, unless the Polynomial Hierarchy
collapses. Note that this result is not proven by exhibiting the
minimal-size k-approximating circuits of the above family and
showing that their size is (in the worst case) nonpolynomial.


1
3.

Theorem 2. Let kðnÞ 2 ðn Þ with  ¼ There exists a uniform family
of circuits fC0 ; C1 ; C2 ; . . .g such that, if there exists a polynomial p
for which kCnkðnÞ k  pðkCn kÞ for all n  0, then NP  P =P oly.
Proof. Since the proof is rather long, we first give an outline to
improve its readability. The proof consists of the following
steps:
1.
2.

choice of an NP-complete problem ;
definition of the family in such a way that the
nth circuit of the family Cn is polynomial in n and,
for each instance F of  of size m, the answer to F is
“yes” if and only if there exists an n-bit input IF
(computable in polynomial time) such that CnkðnÞ has
pﬃﬃﬃ
output true on IF , with kðnÞ ¼ m 2 Oð 3 nÞ;

ð2Þ

m
^

ðxi 6 yi Þ;

i¼1

m ¼

^

ð3Þ
i _ :gi :

gi 2G
3

m contains Oðm Þ clauses. The overall circuit Cn is therefore
polynomially large. It is an n-input circuit and it does not
depend on the specific 3CNF formula F , but only on the size m
of its alphabet. Therefore, we have proven that it satisfies all
requirements but the last, that is, showing that, for kðnÞ ¼ m,
the satisfiability of F is equivalent to the existence of an input
set that makes CnkðnÞ output true. Let F be an arbitrary 3CNF
formula over X and let GF be the set of gi s whose
corresponding clauses are in F :
GF ¼ fgi 2 G j i is a clause of F g:
The input set IF is defined as follows:

true if l 2 GF ;
IF ðlÞ ¼
false if l 2 ðGnGF Þ [ X [ Y :

ð4Þ

We now show that F is satisfiable iff CnkðnÞ has output true on
input IF .
If part. Let F be satisfiable and MF be an interpretation that
satisfies F . We denote with XF the set of literals that are
mapped into true by MF . Let YF ¼ fyi 2 Y j xi 62 XF g. We prove
that CnkðnÞ gives true on IF by showing an input set I on which
Cn gives true and jIIF j  m ¼ kðnÞ. This inputs set I is
defined as follows:

true if l 2 ðGF [ XF [ YF Þ;
IðlÞ ¼
ð5Þ
false otherwise:
We show that Cn gives true on I. The output of m on I
is true by construction of YF and also the output of m on I
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is true because, for each clause i _ :gi of m , either Iðgi Þ ¼
false or Iði Þ ¼ true since XF satisfies i . Now, observe that
jIIF j ¼ jXF [ YF j ¼ m ¼ kðnÞ. Hence, CnkðnÞ outputs true on
input IF .
Only if part. Suppose that CnkðnÞ gives true on IF . Then, there
exists an input I that makes Cn give true, with jIF Ij  m. Note
that jIF Ij  m because, for all 1  i  m, the input I must
assign false to exactly one of xi and yi , while IF assigns false to all
inputs in X [ Y . Therefore, jIF Ij ¼ m. Hence, I and IF must
assign the same value to all inputs in G. Let IX be the input such
that IX ðlÞ ¼ true if IðlÞ ¼ true and l 2 X (we remind that X is the
set of variables of F ), false otherwise. Since m outputs true on I,
simplifying the circuit m by assigning to the inputs in G the
value assigned by IF , we obtain exactly the formula F . Thus, the
model M ¼ fl j l 2 X; IðlÞ ¼ trueg satisfies F .
Step 3: Let us assume that there exists a polynomial p with
the properties claimed in the statement of the theorem. Then,
for each circuit Cn , there exists a k-approximating circuit CnkðnÞ
with kCnkðnÞ k < pðkCn kÞ. We define an advice-taking Turing
machine that determines the satisfiability of propositional
formulae in polynomial time in this way: Given a generic
propositional formula F , with kF k ¼ m, the machine loads the
advice, that is, a representation of the circuit Cnk , computes IF ,
and then checks whether Cnk gives true on IF in polynomial
time. Since kCnk k ¼ Oðm3 Þ, the advice has size Oðpðm3 ÞÞ, hence
we would have shown that satisfiability of propositional
formulae is in nonuniform P. Since the satisfiability of
propositional formulae is an NP-complete problem, this implies
NP  P/poly.
u
t
S
p
p
Recall that NP  P/poly implies
i>0 i  2 , i.e., the
Polynomial Hierarchy collapses at the second level [10]. Although
this is a relative argument, the collapse of the Polynomial
Hierarchy is considered unlikely by current research in computational complexity.
The circuits Cn of (2) have depth 2 and each circuit can be built
by an algorithm using only an amount of space that is logarithmic
in n. As a result, there exists a language in the class AC0 [10] that
has a family of polynomial k-approximating circuits only if the
polynomial hierarchy collapses.
A question that naturally arises is whether the exponential
blow-up happens not only for the specific class of functions kðnÞ 2
ðn Þ with  ¼ 13 , but also for a more general class of functions. In
fact, we can enlarge the above results to smaller values of .
Theorem 3. Question 1 has a negative answer for kðnÞ 2 Oðn Þ with
  13 .
Proof. Let tðmÞ be a polynomial such that tðmÞ 2 ðm3 Þ. We can
modify the reduction of the previous theorem, “inflating” the
number of inputs of the circuit as follows: Given a formula F
with kF k ¼ m, we build the following circuit Cn :
Cn ¼ m ^ m ^

tðmÞ
^

zi :

i¼1

m and m are as before and Z ¼ fz1 ; . . . ; ztðmÞ g is a new set
of variables, with jZj ¼ tðmÞ. The number of inputs of this
circuit is n ¼ ðm3 þ tðmÞÞ. We still use kðnÞ ¼ m, therefore
kðnÞ 2 Oðn Þ with   13 . This proves the claim.
u
t

3.4

Linear k-Approximation

As remarked in the introduction, if kðnÞ ¼ n, a trivial
k-approximation of any circuit having n inputs always exists. A
similar result holds for any linear function kðnÞ ¼ n  h, where h is
a constant. This is a consequence of the fact that, for any x, there
are less than 2nh inputs that are at least n  h þ 1 far from it.
Therefore, for any circuit C that evaluates true on some input, C k
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evaluates false on at most 2nh inputs; such circuits can be
represented in linear space.
While Question 1 has a positive answer for kðnÞ ¼ n and kðnÞ ¼
n  h for any fixed h, it has a negative answer for kðnÞ 2 OðnÞ in
general. Indeed, a statement similar to Theorem 2 can be proven
for some functions kðnÞ such that kðnÞ 2 OðnÞ. The reduction in
Theorem 2 is modified as follows: Let F be a formula with kF k ¼
m and let rðmÞ be a polynomial in m. We build the following
circuit Cn :
Cn ¼ m ^ m ^

rðmÞ
^

zi 6 wi :

i¼1

The cardinality of both Z and W is rðmÞ. The inputs to Cn are
now X, Y , G, W , and Z, so their number n is n ¼ 2m þ m3 þ 2rðmÞ.
Hence, n 2 ðrðmÞÞ. We use the input in which all variables in
X [ Y [ Z [ W are false and a distance k (as a function of m) equal
to m þ rðmÞ. Following the same line of reasoning of Theorem 2, it
can be shown that CnkðnÞ outputs true iff F is satisfiable. Let
rðmÞ ¼ 12 ðm  m3 Þ  m, with  > 3, so that rðmÞ  0. Now,
n ¼ m , and k ¼ 12 ðn  n3= Þ, hence k 2 OðnÞ.

4

DISTANCE BASED ON SET CONTAINMENT

In the previous section, we took the Hamming distance between
two points as a measure of the allowed error. Different measures
can, however, be used instead. We now analyze a measure based
on set containment. Given a circuit C on n inputs and a set of
integers S  f1; 2; . . . ; ng, an S-approximation of C is a circuit C S
that outputs 1 on input x ¼ ðx1 ; x2 ; . . . ; xn Þ if and only if there
exists another input y ¼ ðy1 ; y2 ; . . . ; yn Þ such that C outputs true on
x and xi ¼ yi for all i 62 S. In other words, C S is the circuit that
outputs 1 on all inputs that disagree only on the bits in S with
inputs where C outputs 1.
Intuitively, if the circuit C outputs 1 on a set of n inputs x, then
C S will output 1 on all sets of n inputs that can be obtained from x
by changing some of the bits in S, while bits not in S are fixed. On
the contrary, k-approximation allows for changing any bit,
provided that no more than k bits are changed. k-approximation
is therefore based on the assumption that all bits have the same
status or that errors in them have the same probability. On the
contrary, S-approximation can be seen as a formalization of
assuming that the bits in S can be wrong, but we are sure that
the other ones are not. The study of S-approximations reported
here is not as detailed as that of k-approximation. We only show
that polynomial S-approximation is impossible in general, but
feasible if S is a set of fixed cardinality, i.e., independent on n.
Theorem 4. There exists a family of circuits fC0 ; C1 ; C2 ; . . .g such that,
if there exists a polynomial p such that jjCnS jj  pðjjCn jjÞ, where CnS is
a minimal S-approximation of Cn , for all n  0 and S  IN, then
NP  P=Poly.
Proof. The proof is similar to that of Theorem 2. We only point out
the differences. The first step is the same. In the second one, we
show that, for any integer m, there exists an n-input circuit Cn ,
depending only on m, of polynomial size with rrespect to m,
such that, given any 3CNF formula F over an alphabet of
m atoms, there exists an n-bit input IF such that F is satisfiable
iff IF makes CnS output true. This circuit Cn is defined as in the
other proof. We define S ¼ X [ Y .
Given a 3CNF formula F over X, we define
GF ¼ fgi 2 G j i is a clause of F g. Given GF , we define an n-bit
input IF as follows: IF ðlÞ ¼ true if l 2 GF , false otherwise. We
now show that F is satisfiable iff CnS outputs true on input IF .
If part. Let F be satisfiable and let XF be a model of F . Let
YF ¼ fyi j xi 62 XF g and let the input I be defined as follows:
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IðlÞ ¼ true if l 2 ðGF [ XF [ YF Þ, false otherwise. We show that
Cn outputs true on I. The output of m on I is true by
construction of YF , and also the output of m on I is true because,
for each clause i _ :gi of m , either Iðgi Þ ¼ false or Iði Þ ¼ true
since XF satisfies i . Now, observe that ðIIF Þ  X [ Y ¼ S.
Hence, CnS outputs true on input IF .
Only if part. Suppose CnS outputs true on IF . Then, there
exists an input I such that makes Cn output true and IIF  S.
Therefore, I and IF must assign the same value to all inputs in
G. Let IX be the input such that IX ðlÞ ¼ true if IðlÞ ¼ true and
l 2 X, false otherwise. Since m outputs true on I, simplifying
the circuit m by assigning to the inputs in G the value assigned
by IF , we obtain exactly the formula F . Thus, the model M ¼
fl j l 2 X; IðlÞ ¼ trueg satisfies F .
The third step of the proof (proving that the assumptions
imply NP  P=Poly) is identical to the one of Theorem 2.
u
t
Let us now prove that, for any fixed S  IN, it is possible to
S-approxime any circuit. The specific definition of this question is
identical to the one given in the last section (substituting k with S).
Theorem 5. For any fixed set S  IN, there exists a polynomial p such
that, for any circuit C, it holds jjC S jj  pðjjCjjÞ, where C S is a
minimal S-approximation of C.
Proof. Given a circuit C, the following is an S-approximation of it:
_
C½S 0 =:S 0 ;
CS ¼

917

words, we can represent a Boolean function by a pair hC; ki, where
C is a circuit and k is a number, such that the function is the
k-approximation of the function represented by C. Clearly, any
function can be represented with k ¼ 0. However, as we have
shown in this paper, in some cases, hC; ki represents a function
whose smallest representing circuit cannot be represented in space
polynomial in the size of the original circuit C. As a result, the
“formalism” of using a pair can be more space efficient than the
usual representation using circuits.
An interesting open question is whether polynomial-size
k-approximation circuits exist in the context of fixed-parameter
approximation. The fixed-parameter complexity of checking the
Hamming distance from a language has already been investigated
[12], [6]; it would make sense to consider the problem of existence
of k-approximating circuits whose size is parameterized polynomial when k is the parameter. Such an issue is related to the
general framework of parameterized compilability [9]; a technical
discussion on the differences between parameterized complexity
and a framework closely related to the work reported in the
present paper can be found in [5].
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